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Flow of disperse media of non-Newtonian behavior is studied. The equations of conservation of the mechanics
of heterogeneous media are written in the orthogonal coordinate system with Lame′ coefficients for an arbi-
trarily shaped surface. The problem is solved by the method of surfaces of equal flow rates. Results of nu-
merical calculations are given for specific surfaces.

Many technological processes involving disperse systems are accompanied by their flow with an effective vis-
cosity substantially dependent on the deformation rate. The continuum of a disperse system is characterized by both
the non-Newtonian behavior and the Newtonian behavior. When there is a polydisperse suspension with a Newtonian
dispersion medium, the particles of fine fractions can be considered as a certain homogeneous medium in which the
particles of coarse fractions have been placed. Since a suspension of highly dispersed particles is structurized and
hence non-Newtonian, suspensions with a Newtonian dispersion medium may have nonlinear properties [1]. It is clear
that in both cases the effective (apparent) viscosity of the system and the average force of interphase interaction de-
pend on the concentration of inclusions. In this connection, it is of great scientific and practical interest to mathemati-
cally model flows of heterogeneous media with allowance for the variable concentration.

To intensify many technological processes one widely uses apparatuses containing permeable surfaces. The de-
sign of such apparatuses requires that the hydrodynamic characteristics of flows with allowance for the presence of fil-
tration be known. In this work, we consider flow of a heterogeneous medium with a nonlinear rheological behavior on
an arbitrarily shaped permeable surface.

Let a heterogeneous medium be flowing on a permeable surface of an arbitrary geometric shape. It is assumed
that, because of the presence of the filtration of a continuous phase, we have thickening of the disperse system with
a variation in the average concentration along the length of the working surface.

The rheological equation of state is described by the Ostwald model

τij = 2m  √2I2  n−1
 eij . (1)

Flow is considered in the orthogonal coordinate system in which the coordinate surface x1 = const coincides
with the surface of the flow and the coordinate lines (of the surface) x2 = const form a family of normals to it. We
evaluate the significance of the terms of the equations of motion using a quasihomogeneous model of flow as an ex-
ample and assume that the rheology of the medium obeys law (1). For this purpose we pass to dimensionless variables

x
_

1 = x1
 ⁄ L∗  ,   x

_
2 = x2

 ⁄ l∗  ,   V
__

 = V ⁄ V∗  ,   U
__

 = U ⁄ U∗  ,   P
__

 = P ⁄ (ρU∗
2) ,

ε = l∗
 ⁄ L∗  = V∗

 ⁄ U∗  ,   Re = l∗
n
U∗

2−nρ ⁄ m ,   Fr = U∗
2 ⁄ (l∗ Fi) .

(2)

Then the two-dimensional equations of motion in the orthogonal coordinate system (x1, x2, x3) with Lame′  coefficients
Hi can be written in the form (the bar is dropped)
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are the dimensionless components of the stresses and the intensity of the deformation rates.
In what follows, the parameter ε for thin-layer flows will be considered to be small. Disregarding the terms

whose values are an order of magnitude lower than the scale of the pressure gradient and introducing the notation

x1 = ε Re x~1 ,   x2 = x~2 ,   U = U
~

 ,   V = V
~ ⁄ ε Re ,   P = P

~
 , (3)

we obtain (the D signs are dropped)
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Taking into account the analysis made of the significance of the terms, we write simplified dimensional equa-
tions of conservation of mass and of motion of a disperse mixture for the case of two-phase flow [2]:

∂ (H2H3 ρ1U1)
∂x1

 + 
∂ (H1H3 ρ1V1)
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where the viscous term is denoted as

T1 = 
1

H1
2
H2H3

 
∂

∂x2

 



H1

2
H3m 





H1

H2

 
∂

∂x2

 




U1

H1









n−1

 
H1

H2

 
∂

∂x2

 




U1

H1








 .

to simplify the representation.
We construct the equation to determine the intensity of the process of thickening of the medium. We take the

model of instantaneous mixing over the layer thickness and represent the concentration as a function of the longitudi-
nal coordinate α2 = α2(x1).

The flow rate of the liquid phase varies because of filtration. To determine the total flow rate we can write

Q (x1) = Q (x1in) + ∫ 
x1in

x1

  ∫ 
x3in

x3f

 V0 (0) H1H3dx3dx1 .

The amount of the solid phase remains constant: Q2(x1) = α2(x1)Q(x1) = const. We differentiate these two relations
with respect to x1 and obtain the differential equation for the concentration of the dispersed phase:

dα2

dx1
 = − 

α2
2

Q2
   ∫ 
x3in

x3f

 V0 (0) H1H3dx3 . (10)

The system of equations (4)–(10) must be solved with the following boundary and initial conditions:
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x2 = 0 :   P = Pv ,   U1 = 0 ,   V0 = V1 = − 
k
µ

 (P − Pv) ; (11.1)

x2 = h (x1) :   P = Pà ,   τ12 = 0 ; (11.2)

x1 = x1in :   α2 = α2in ,   U1 = U1in (x2) ,   h = hin . (11.3)

In the viscous term T1 of Eq. (5), m and n are the effective coefficients of the heterogeneous medium and
they must allow for the presence of dispersed particles. The effective viscosity strongly depends on the concentration
of solid inclusions and on the nonlinearity coefficient of the continuum. Different formulas for the effective viscosity
which hold true for certain ranges of variation of α2 and n can be found in different works [1, 3–5]. The rate of in-
crease of the effective viscosity decreases with decrease in the nonlinearity coefficient (increase in the non-Newtonian
character) but the viscosity increases with concentration for any n > 0. Furthermore, the effective viscosity always re-
mains proportional to the viscosity of the dispersion medium. As far as the nonlinearity coefficient of a suspension is
concerned, it is independent of the concentration and is equal to the coefficient of non-Newtonian character of the con-
tinuum.

The interphase-interaction force for heterogeneous systems with a viscous continuum, especially for systems
with complex rheology, is mainly determined by the viscous friction on the interface. We can write the viscous-friction
force in general form with the use of the dependence [2]

f = α1σC 
πd

2ρ1
0
V12

2

8
 
v12

V12
 , (12)

where v12 =  v1 − v2  is the characteristic relative velocity of the phases. The coefficient of resistance C(Re12, α2) is
dependent on the concentration α2; some formulas for this coefficient in the case of a Newtonian continuum can be
found in [2].

The resistance force acting on a dispersed particle on the source side of the flow of a non-Newtonian liquid
obeying the power rheological law (1) will be dependent on the parameter n, the Reynolds number Re12, and the con-
centration α2. We can compute the coefficient of resistance for power-law liquids with the use of the empirical for-
mula [6, 7]

C = 
24a (n)

Re12

 + 
b (n)

Re12
c(n)

 , (13)

where

a (n) = 3
1.5(n−1)

 
2 + 29n − 22n

2

n (n + 2) (2n + 1)
 ;   b (n) = 10.5n − 3.5 ;   c (n) = 0.32n + 0.13 ;   Re12 = 

d
nρ1

0
V12

2−n

m1
 .

Equations (4)–(10) form a system of nonlinear partial differential equations whose solution involves great
mathematical difficulties. In this work, the system is solved using the method of surfaces of equal flow rates [8]. In
accordance with this method, we introduce the streamlines yk = yk(x1) into the flow field of the suspension and repre-
sent the components of the velocity of the ith phase for the kth layer in the form Ui

k = Ui[x1, yk(x1)] and Vi
k = Vi[x1,

yk(x1)]. Here k = 1, N
____

, where N is the number of streamlines introduced. The y1 line coincides with the surface of the
flow, while the yN line coincides with the free surface. We reduce the problem on development of suspension-layer
flow to numerical determination of the fields of velocities and streamlines.

Let us denote the variation in the flow rate of the first phase between the yk and yk+1 lines by Φ1
k(x1). By

definition we have
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d
H1dx1

  ∫ 
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 α1ZU1H2dx2 = Φ1
k
 (x1) . (14)

In the absence of mass exchange, this flow rate can vary because of the filtration of the liquid through a per-
meable surface. Let us assume that the coordinate system is selected so that the quantities α1, δ, h, Ui, and Vi are in-
dependent of the coordinate x3; we introduce the notation Z = H3(x3f − x3in). Then the integral condition of
conservation of the amount of the continuous phase for an arbitrary cross section will be written in the form

 ∫ 
0

h

α1ZU1H2dx2 + ∫ 
x1in

x1

 Z  V0  H1dx1 = Q1in .

We differentiate this relation with respect to x1 and after comparing the differentiation result and (14) we obtain
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k
 (x1) = ZV0δ1

k
 ,   k = 1, N − 1

_______
 . (15)

Having used the Leibnitz rule with account for Eq. (4), we compute integral (14):
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Hence with account for the kinematic condition on the free surface and for relations (15) we find
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The derivatives with respect to the independent variable x1 are written in the form
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Having replaced the partial derivative ∂U1
 ⁄ ∂x1 according to (17), with account for relation (16) we write Eq.

(5) for the kth layer:
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Let us integrate Eqs. (6) and (9) on the interval [yk, yk+1]:

Pk+1 − Pk = Mk ,   k = 1, N − 1
_______

 ,

where

Mk (x1) =  ∫ 
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 J (x1, x2) dx2 ;   J (x1, x2) = H2 ρF2 + 
ρ1U1
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2
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Transforming the relation obtained to a convenient form and differentiating with respect to the longitudinal coordinate,
we determine
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_______

 . (19)

Replacing ∂Pk
 ⁄ ∂x1 in Eq. (18) according to (17) with account for (19) and employing Eqs. (6) and (9), for

determination of the velocity of the continuous phase we have
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 . (20)

Analogously, we can obtain the equations for the dispersed phase. Having dropped the intermediate deriva-
tives, we give the final expression for the distribution of the velocity U2

k:
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 . (21)

If the size of the inclusions and the differences of the phase densities are small, the relative motion of the
phases can turn out to be insignificant. Then we can use a quasihomogeneous model of flow. In the quasihomogene-
ous approximation, the streamlines are introduced quite unambiguously for a certain effective medium with longitudi-
nal-coordinate-variable characteristics ρ(α2(x1)) and µ(α2(x1)). We can obtain a transformed equation of motion of the
effective medium by combining Eqs. (20) and (21):

ρU
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dU
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 + J (x1, x2) 
dyk

H1dx1
 − 

ρUV

H1H2
 
∂H1
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k
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The equations for the surfaces of equal flow rate will be determined from (14). For this purpose we represent
the integral according to one formula of numerical integration, then we differentiate the difference formula obtained
with respect to x1. If we integrate (14) according to the trapezoidal formula, the equations for determination of the
streamline have the form

dyk+1

dx1
 = 

dyk

dx1
 + 

2H1Φ1
k

∆k
 − 

yk+1 − yk

∆k
 
d∆k
dx1

 ,   k = 2, N
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 ;   
dy1
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 = 0 , (23)

where ∆k = (α1H2ZU1)k + (α1H2ZU1)k+1.
To compute the viscous term T1

k we represent the grid solutions in the form of a series expansion in a com-
plete system of basis functions [8] satisfying boundary conditions (11):

U =  ∑ 

j=1

N

 Aj (x1) Ukj (x1) . (24)

The system of basis functions can be selected in the form [8]

Ukj (x1) = 




j + 1
j

 − ηk



 ηk

j
 ,

where ηk(x1) = yk(x1)/yN(x1), j = 1, N
____

 and k = 1, N
____

.
Let it be necessary that the velocity determined from (24) coincide with U1

k(x1) on the yk(x1) lines. Then to
find the coefficients Aj(x1) we obtain the system of algebraic equations
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  ∑ 

j=1

N

 Aj (x1) Ukj [yk (x1)] = U1
k
 (x1) ,   k = 1, N

____
 .

Having determined the values of Aj(x1) from the system obtained, we can compute the values of the viscous term T1
k

on the corresponding streamlines with the use of expansion (24). System (10), (22)–(23) and boundary conditions
(11.3) represent a closed system of ordinary differential equations. When the right-hand side of its equations are
known, this system can be solved numerically.

In the equations of motion (20)–(22) written for any surface of equal flow rates yk, there is the term
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marching to compute the right-hand sides of system (20)–(23). It is expedient to find the explicit expressions of the

marching coefficients after specific definition of the region of flow and determination of the Lame′  coefficients H1,

H2, and H3.

We consider a few examples of heterogeneous-medium flow on specific surfaces.
Flow on the Surface of a Plane Porous Plate. Let the layer of a heterogeneous medium flow down an in-

clined permeable plane. We select the Cartesian coordinate system x1 = x, x2 = y, x3 = z with Lame′  coefficients of
H1 = H2 = H3 = 1. Then

F1 = g sin β ,   F2 = − g cos β ,   J (x, y) = ρF2 ,   Mk (x) = ρF2 (yk+1 − yk) ,   Z = 1 .

Differential equations (10), (22), and (23) for a plane of unit width (z = 1) take on the form
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d
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We make this system dimensionless with the use of the substitution
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which corresponds to the total result of substitutions (2) and (3). In dimensionless variables, the above system will
take the form (the bar is dropped)
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dα2

dx
 = − 

α2
2
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 ,   V0 = − k Re Re0 


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P + 

ρ

ρ1
0 

cos β

Frg

 h



 .

To compute the right-hand sides by the marching method we reduce the first two equations of the system ob-
tained to the form

yk
′  − yk−1

′  + SkUk−1
′  + SkUk

′  = Ek ,   Uk
′  = Dk + GkyN

′  , (26)

where

Sk = 
yk − yk−1

Uk + Uk−1
 ;   Dk = 

1

Uk
 



− 

∆ρ
ρ

 
yN − yk

Frg
 α2

′  cos β + 
ν

νin
 
∂
∂y

 








∂Uk

∂y





n


 + 

Re sin β
Frg




 ;

Gk = 
− cos β
Uk Frg

 ;   Ek = 
2V0δ1

k

α1 (Uk + Uk−1)
 + (yk + yk−1) 

α2
′

α1
 .

Here and in what follows, the surfaces of equal flow rates in the notation of velocity are written, for the sake of con-
venience, in the form of a subscript and the primes denote derivatives with respect to the dimensionless longitudinal
coordinate.

We represent the sought function yk′  in the form of the marching relation

yk
′  = AkyN

′  + Bk
(27)

and substitute it into Eq. (26). After simple transformations we obtain the explicit expressions of the marching coeffi-
cients in the form of the following recurrence relations:

Ak = Ak−1 − SkGk−1 − SkGk ,   Bk = Bk−1 − SkDk−1 − SkDk + Ek ,   k = 3, N
____

 , (28)

where A2 = −S2G2 and B2 = E2 − S2D2.
When k = N, from (27) we find yN′  = BN/(1 − AN). Next we compute the values of the right-hand sides of the

differential equations of system (26) by backward marching.
Flow on a Vertical Cylindrical Surface. Let the disperse medium flow down the exterior or interior surface of

a vertical cylinder. The cylinder radius is assumed to be much larger than the film thickness; therefore, the capillary
forces can be disregarded. We select the cylindrical coordinate system x1 = z, x2 = r, x3 = ϕ with Lame′  coefficients
of H1 = 1, H2 = 1, and H3 = r. With allowance for the fact that we have F1 = g, F2 = 0, J(z, r) = 0, and Mk(z) =
0  for the vertical wall, Eqs. (10), (22), and (23) will be written in the cylindrical coordinate system. Next we shift
the origin of coordinates to the cylinder wall, having carried out the substitution z = x and r = R % y. The plus sign
corresponds to the flow on the exterior surface of the cylinder, while the minus sign corresponds to the flow on the
interior surface. Furthermore, we have Vr = %Vy and ∂ ⁄ ∂r = %∂ ⁄ ∂y. As a result we obtain

ρUk 
dUk

dx
 = m 

∂
∂y

 








∂Uk

∂y





n


 % 

m

R % yk
 




∂Uk

∂y





n

 + ρg ,   
dα2

dx
 = − 

2πRα2
2
V0

Q2
 ,

dyk+1

dx
 = 

dyk

dx
 + 

2V0δ1
k

α1 (Uk + Uk+1)
 − 

yk+1 − yk

α1 (Uk + Uk+1)
 

d

dx
 [α1 (Uk + Uk+1)] ,   V0 = & 

k

µ
 (Pa − Pv) .

Using the substitution (25) we pass to dimensionless variables. The form of the equations meant for determi-
nation of the surfaces of equal flow rates will remain constant. The equations for velocities and concentrations will
take the form (the bar is dropped)
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Uk 
dUk

dx
 = 

ν
νin

 
∂
∂y

 








∂Uk

∂y





n


 % 

ν
νin

 
1

R % yk
 




∂Uk

∂y





n

 + 
Re

Frg
 ,   

dα2

dx
 = − 

α2
2
V0

α2in
 ,   V0 = & Re Re0 kP , (29)

where the upper sign corresponds to the exterior surface and the lower sign corresponds to the interior surface.
Flow on the Surface of a Horizontally Arranged Cylinder. Let us assume that we have a thin-layer flow of a

disperse system on the exterior or interior surface of a horizontally arranged permeable cylinder. The external flow is
considered for the upper half of the cylinder, while the internal flow is considered for its lower half. We select the
cylindrical coordinate system x1 = ϕ, x2 = r, x3 = z with Lame′  coefficients of H1 = r, H2 = 1, and H3 = 1, where
the angle ϕ is reckoned downward from the vertical line. If the equations of motion of the medium in the radial di-
rection are written without inertial terms, we have F1 = g sin ϕ, F2 = −g cos ϕ, J(ϕ, r) = −ρg sin ϕ, and Mk(ϕ) =
−ρg(yk+1 − yk)) cos ϕ. We write Eqs. (10), (22), and (23) in the coordinates (ϕ, r, z) and shift the origin of coordinates
to the cylinder wall using the substitution of variables ϕ = x/r and r = R % y. The plus and minus signs denote flows
on the exterior and interior surfaces respectively. Then, with account for the dependences Vr = %Vy, ∂ ⁄ ∂r = %∂ ⁄ ∂y,
and ∂ ⁄ ∂ϕ = rd/∂x, we obtain

ρUk 
dUk

dx
 = − 





dα2

dx
 ∆ρ cos ϕ − 

ρ sin ϕ
R % yk




 (yN − yk) g − ρg cos ϕ 

dyN
dx

 &

& 
ρUkVk

R % yk

 % 
1

(R % yk)
2
 
∂

∂y
 









(R % yk)

2
 m 




% (R % yk) 

∂

∂y
 




Uk

R % yk









n








 + ρg sin ϕ ,

dyk+1

dx
 = 

dyk
dx

 + 
2V0δ1

k

α1 (Uk + Uk+1)
 − 

yk+1 − yk

α1 (Uk + Uk+1)
 

d

dx
 [α1 (Uk + Uk+1)] ,

dα2

dx
 = & 

α2
2
V0

α2in
 ,   V0 = & 

k

µ
 (Pa − Pv % ρgyN cos ϕ) .

(30)

We pass to the dimensionless variables (25) and reduce the first two equations to the form (26) which is con-
venient for marching. The notation Ek, Gk, and Sk remains constant and coincides with the coefficients of the plane
problem, whereas Dk is computed from the formula (the bar is dropped)

Dk = 




Re sin ϕ

R % yk

 − 
∆ρ

ρ
 α2

′  cos ϕ



 
yN − yk

Uk Frg
 % 

ν

νin

 
1

Uk (R % yk)
2 

∂

∂y
 









(R % yk)

2
 



% (R % yk) 

∂

∂y
 




Uk

R % yk









n








 &

& 
Vk

R % yk

 + 
Re sin ϕ

Uk Frg

 ,   α2
′  = & 

α2
2
V0

α2in

 ,   V0 = & k Re Re0 



P % 

ρ

ρ1
0 

cos ϕ

Frg

 h



 .

The values of the marching coefficients and the right-hand sides proper of the equations of the system are computed
from relations (26) and (28).

Flow on the Interior Surface of a Rotating Conical Rotor. We use the constructed system of differential equa-
tions (10), (22), and (23) for calculation of the process of thickening of the heterogeneous medium in a filtering cen-
trifuge. We select the conical coordinate system x1 = x, x2 = y, x3 = ϕ with Lame′  coefficients of H1 = 1, H2 = 1,
and H3 = r. Since for this case we have

F1 = ω2
r sin β ,   F2 = − ω2

r cos β ,   r = x sin β ,   J (x, y) = ρF2 ,   Mk (x) = ρF2 (yk+1 − yk) ,   Z = 2πr ,

Eqs. (10), (22), and (23) will be written as
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dyk+1

dx
 = 

dyk

dx
 + 

2V0δ1
k

α1 (Uk + Uk+1)
 − 

yk+1 − yk

xα1 (Uk + Uk+1)
 

d

dx
 [xα1 (Uk + Uk+1)] ,

ρUk 
dUk

dx
 = (ρ sin β − ∆ρα2

′ x cos β) (yN − yk) ω
2
 sin β − ρω2

x sin β cos β 
dyN

dx
 + 

1

x
 
∂
∂y

 



xm 





∂Uk

∂y





n


 + ρω2

x sin
2
 β ,

dα2

dx
 = − 

2πrα2
2
V0

Q2
 ,   V0 = − 

k

µ
 ρ1

0ω2
xyN sin β cos β .

(31)

We make the equations obtained dimensionless using the substitution (25) and prepare them for marching.
After simple transformations system (31) is reduced to the form (26) with the following coefficients (the bar is
dropped):

Dk = 
Re sin β
Uk Frω

 







sin β − 

∆ρ
ρ

 α2
′ x cos β




 (yN − yk) + x sin β




 + 

ν
νinUkx

 
∂
∂y

 



x 





∂Uk

∂y





n


 ,   α2

′  = − 
α2

2
V0x

α2inxin
 ,

Ek = 
2V0δ1

k

α1 (Uk + Uk−1)
 + (yk + yk−1) 








1

x
 − 

α2
′

α1







 ,   Gk = − 

Re x sin β cos β
Frω

 ,   V0 = − 
kxh Re

2
 Re0 sin β cos β

Frω
 .

The notation Sk remains constant and it is taken from the plane problem. The values of the marching coefficients and
the right-hand sides proper of the equations of the system are computed from formulas (26) and (28).

Fig. 1. Dimensionless thickness of the surfaces of equal flow rates vs. dimen-
sionless longitudinal coordinate: a) Re/Fr1 = 6, m = 0.0035 kg⋅secn−2/m, n =
0.8, and k

_
 = 0; b) Re/Fr1 = 0.085, m = 0.1 kg⋅secn−2/m, n = 1, and k

_
 =

2⋅10−5.

Fig. 2. Dimensionless thicknesses of the mixture film vs. dimensionless longi-
tudinal coordinate: a) Re/Fr1 = 6 and m = 0.0035; 2) 3.6 and 0.006; 3) 2.5
and 0.0085 kg⋅secn−2/m (n = 0.8, k

_
 = 0); b) 1) Re/Fr1 = 21 and n = 0.8; 2)

54 and 0.6; 3) 135 and 4 (m = 0.001 kg⋅secn−2/m, k
_
 = 0).
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The differential equations constructed have been solved numerically. The characteristic form of the dependence
of the thickness of the surface of equal flow rates on the longitudinal coordinate is shown in Fig. 1. The curves of
one family which are given in individual figures differ in just the initial coordinates prescribed by the formula yk =
k/7 (k = 1, 7

___
). For an impermeable wall the lines of equal flow rates reach the asymptote (Fig. 1a), while in the pres-

ence of filtration these lines alternately disappear (Fig. 1b). The flow pattern is strongly influenced by the rheological
parameters of the medium. Figure 2 shows the influence of the coefficient of consistency of the medium on the thick-
ness of the film. The influence of the degree of nonlinearity of the medium on the thickness of the film is shown in
Fig. 2b.

NOTATION

C, coefficient of resistance; d, particle diameter, m; eij, deformation-rate tensor; f(f1, f2, f3), vector of the in-
terphase-interaction force and its components in the direction of the coordinates x1, x2, x3, kg/(m2⋅sec2); Fi (i = 1, 2,
3), projection of mass forces onto the corresponding axes, m/sec2; g, free fall acceleration, m/sec2; h, thickness of the
mixture film, m; Hi, Lame′  coefficients; I2, quadratic invariant of the deformation-rate tensor; k, permeability coefficient
of the wall, m; L, size of the region of flow, m; l, initial thickness of the layer, m; m1 and m, consistency coefficients
of the continuous phase and the disperse medium, kg⋅secn−2/m; N, number of streamlines; n, nonlinearity coefficient;
P, pressure, N/m2; Q and Qi, flow rate of the mixture and the ith phase respectively, m3/sec; r and R, running radius
of flow and radius of the cylinder, m; vi, Ui, and Vi, vector of the velocity of the ith phase and its components in the
direction of the coordinates x1, x2, m/sec; V0, filtration rate in the direction of the coordinate x2, m/sec; xi, orthogonal
coordinates; yk, streamlines, m; Z, width of the region of flow, m; αi, volume concentration of the ith phase; β, slope;
δ1

k, delta function; ε, small parameter; Φ1
k, variation in the flow rate of the first phase between the lines yk and yk+1,

m2/sec; µ, apparent viscosity of the filtered liquid, kg/(sec⋅m); ν = m/ρ, kinematic viscosity, m2⋅secn−2; ρi
0, ρi = αiρi

0,
and ρ = ρ1 + ρ2, density of the ith phase, reduced density, and density of the mixture respectively, kg/m2; ∆ρ =
ρ2

0 − ρ1
0; σ, number of particles in a unit volume; τij, stress tensor; ω, rotational velocity, sec−1; Fri, Froude number,

which is determined by the component of the mass force directed along the coordinate xi (i = 1, 2, 3); Frg =
U∗

2/(gl∗ ); Frω = U∗
2/(ω2l∗

2); Re, Reynolds number; Re0 = l∗ U∗ ρ1
0 ⁄ µ. Subscripts: a, atmospheric; v, behind the permeable

wall (vacuum); f and in, final and initial values; g, force of gravity; k, streamline number; ω, centrifugal force; *,
characteristic dimension; 0, filtration.
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